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Ideals and Filters in D-Posets
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Ideals and filters in D-posets are defined. The role of idempotent elements and
atoms in the theory of ideals and filters is studied.

1. INTRODUCTION

D-posets, as they were defined by Kopka and Chovanec (1994), general-
ize orthomodular posets, MV algebras, and orthoalgebras. Foulis and Bennett
(1994) have shown the equivalence between D-posets and effect algebras.
Ideals and filters were defined in all these structures (Chang, 1958; Foulis,
etal., 1992). A more general definition of an ideal is given in Chovanec and
Kopka (1996).

The aim of this paper is to study other properties of ideals and filters
in D-posets. From the theory of orthomodular posets it is known that every
interval [0, a], @ # 1, is a proper ideal. We give a necessary and sufficient
condition for an interval [0, a] to be a proper ideal in a D-lattice. The last
theorem provides a sufficient condition for the existence of a state on a
Boolean D-poset.

2. DIFFERENCE POSETS

Let (P, <) be a nonempty, partially ordered set (a poset). A partial
binary operation S is said to be a difference on P, if an element b S a is
defined in @ if and only if @ < b, and the following conditions are satisfied:

(D1) If a < b, then b S a < b.

(D2) If a < b, then b S (b S a) = a

M3)Ifa<b=cthencSb=cSa

' Department of Mathematics, Military Academy, 031 19 Liptovsky Mikulas, Slovak Republic.

17
0020-7748/98/0100-001 7815.00/0 © 1998 Plenum Publishing Corporation



18 Chovanec and Rybarikova

DHIfa<b=cthen(cSa)S(cSb=>bSa

A structure (P, <, ©) is called a poset with a difference. If P is a
lattice, then (P, A, v, O) is called a lattice with a difference.

A bounded poset (a bounded lattice) with a difference is called a differ-
ence poset (a difference lattice) or briefly a D-poset (a D-lattice) (Kopka
and Chovanec, 1994).

The greatest element of a D-poset P is denoted by 1 and the least one
by 0g. Obviously 0 = a S a for any a € P.

It is possible to define a unary operation L and a partial binary operation
& on a D-poset P by

alzlg}s@a

and
a®b=@tspt  for b<at
If P is a D-lattice, then there exists an extension of a partial binary
operation S on a (total) binary operation “—” defined as follows:

a—b=aS(anAb) for every a,b € P
so for the dual operation “+” we have
a+b=(at—bt+ forevery a,be® (2.1)

The compatibility in D-posets was introduced by Kopka (1995). Two
elements a, b € P are compatible in P (denoted by a <> b) if there exist
elements c, d € P suchthatd <a <c, d<b=<c,andcSa=5b3d
(equivalently ¢ S b = a S d).

By Chovanec and Kopka (1995), a and b are compatible in a D-lattice
% if and only if (a v b) S a = b S (a A b) [equivalently (a v b) S b =

a S (a A D).
Kopka (1995) defined a Boolean D-poset as a poset P with the least
element Og, the greatest element 1g, and with a binary operation “—” on %

satisfying the following conditions:
(BD1) a — 0p = a for any a € P.
(BD2)a — (@ — b) =b — (b — a) for every a, b € P.
(BD3) a < b implies ¢ — b < ¢ — a for any ¢ € P.
(BD4) (a — b) — c = (a — ¢) — b for every a, b, ¢ € P.
Boolean D-posets are characterized in the following theorem (Chovanec
and Kopka, 1995, 1996).

Theorem 2.1. The following assertions are equivalent:
(i) 2 is a Boolean D-poset.
(i) % is a D-lattice of pairwise compatible elements.
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(iii) P is a D-lattice with a binary difference operation “—” such that
(a—b)—c=(a—c) —b

We note that a Boolean D-poset is an MV algebra (introduced by Chang,
1958) and vice versa, an MV algebra can be organized as a Boolean D-poset
(Chovanec and Kopka, 1996).

3. Ideals and Filters in D-Posets

Definition 3.1. Let P be a D-poset. A nonempty subset $ C P is called
an ideal (in %) if:

I)ae$, becP b=<aimpliesh € 9.
2aecd beP a<b,and b Sa €9 implies b € 9.

A nonempty subset F C P is called « filter (in P) if:

FlyaeF, beP, a
FaecF beP b

b implies b € F.

<
< a,and (a S b)t € F implies b € F.

An ideal $ (a filter &) is proper if 19 & $ (0, & F).
We note that the condition (I2) can be replaced by the equivalent one:

BYae$ bed a<btimpliesa Bb e 9.
Moreover, it is evident that:

(i) 0 € 9 for any ideal $ in P.

(i) If {$: ¢t € T, T is an index set} is a system of ideals in P, then
Nier $, is an ideal in P, too.

(iii) {09} is the least ideal in %.

It is easy to prove that if $ (%) is a proper ideal (a proper filter) and
a€9(aecP),thenat &9 (at & F).

Proposition 3.2. Let $ be a proper ideal and & be a proper filter in a
D-poset P. Then $+ = {at: a € $} is a proper filter and F* = {at:a €
%} is a proper ideal in P.

Proof If a € 94, b € P, and a < b, then a- € $ and b+ < 4,
which gives that b+ € $ and therefore, b = (b)* € $1. Let a € 94, b
eP b<agand (¢ ©b)t €9t Thenat € $,at <bt anda S b =
bt = at €9, which implies b € $; therefore b € $1. The proof of the
fact that F* is a proper ideal is analogous. m
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Example 3.3. Let w be a morphism of D-posets  and 7, i.e., w: P —
J is a mapping such that:

1) w(lg) = 1g.

(i) a, b € P, a <g b implies w(a) =g w(b).

(iii) a, b € P, a <@ b implies w (b, S,9 a) = w(b) Sg w(a).
Then the kernel I of a morphism w, i.e., the set X = {a € P: w(a) = 0g},
is a proper ideal in %, and, dually, the set ¢ = {a € P: w(a) = lg}, isa
proper filter in %.

Leta € P, a + 1p. Let us denote [0p, a] = {b € P: 0p < b < a}.
If % is an orthomodular poset, then [0g, a] is a proper ideal. This is not true,
in general.

Example 3.4. Let [0, 1] be an interval of real numbers with the usual
difference of reals. Then [0, 1] is a D-poset, even a Boolean D-poset, and
{0} is the only proper ideal in [0, 1].

Now we present a necessary and sufficient condition for an interval
[0g, a], a #F 1, to be a proper ideal in a D-lattice .
First we need a notion of an idempotent element in a D-Ilattice.

Definition 3.5. An element a of a D-lattice % is said to be an idempotent
element if

ata=a
where “+” is the binary operation defined by (2.1).

Proposition 3.6. An element a of a D-lattice P is idempotent if and
only if a A at = 05.

Proof. If a € P is idempotent, then ¢ = a + a = (a* — a)* = (a*
S (at A a))t, which results in ¢t = a1 S (a+ = a). Hence

0p =at—at=ats @S @tra)=at ra
Conversely, if a A at = 0p; then
ata=@r—at=w@tS@ra)t=@Ht=ua

It is obvious that any element in an orthomodular lattice & is idempotent,
because a A a+ = 0 for any a € <.

Theorem 3.7. Let P be a D-lattice, a € P, a # 1p. Then [0g, a] is a
proper ideal in & if and only if a is an idempotent element.

Proof. Let [0, a] be a proper ideal. It is evident that ¢ < a + a = (a*

S(arab)t.
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Then
a+a)Sa=@tS@nrna))tsa
=4ts @t @rat)) =anat<a
and by (I12), a + a €[0g, a], which implies a + a =< a, therefore ¢ = a + a.
Now, leta =a +a Ifb € P, b < a,thenb €[0g, a]. If « =< b and
bSaec[0p a,thenb Sa<1lp Sa=atand b S a < a; therefore
bSa<anat ltholdsthat at S (anat)<at S (B Sa)and b =

lgebt=ssacbea)y<@t=S@ra)r=a+a=a,
which implies b € [0p, ¢]. =

Proposition 3.8. Let P be a D-lattice, a € P, a # 1g. Then [0g, a] is
a proper ideal in & if and only if [0g, al] is a proper ideal in %P.

Proof. This proof follows immediately from the fact that ¢ + a = a if

and only if a* + at =4t m

Definition 3.9. Let P be a D-poset. An element a € P is called an atom
(in P) if the following implication holds:

ifbe®Pand b <a, thenb=0p0rb =a

Theorem 3.10. Let P be a Boolean D-poset. If a € P, a + 19, and a
is an idempotent atom in %, then there exists a proper ideal $ and a proper
filter & such that $ N ¥ =0 and $ U &F = P,

Proof. Let us put $ = [0p, a*] and F = [a, 1]. If x € $ N F, then
x<agtand a < x, which gives that xt < al; therefore x+ € $. This
contradicts the fact that $ is a proper ideal.

Letx € P, x ¢ F = [a, 1g]. Let us calculate

@tr+xcat=G@—-—xtcat=@S@rx)sat
=aS @S (@AXx) =anx
Since a is an atom, there are two possibilities:
(1) a A x = 0g, 2)anx=a

If a Ax = 0g, then ¢t = a* + x = x, which entails x € [0p, a*]. If a A
X = a, then a =< x, i.e., x € [a, 1p], which contradicts the assumption.
Similarly, if x € P, x ¢ $,thenx € F. =

A state on a D-poset was defined by Kopka and Chovanec (1994).
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Definition 3.11. A mapping s: P — [0, 1] is said to be a state on a D-
poset P if:

(S1) s(lg) = 1.

(S2) Ifa,b € P, a < b, then s(b S a) = s(b) — s(a).

S3) Ifa,a,€ePm=12,..),an=a,+,foralln=1,2, ...,
ap Ma and a = Vy=1, a,, then s(a,) 7s(a)

Theorem 3.12. 1If % is a Boolean D-poset satisfying assumptions of
Theorem 3.10, then there exists a state on %P.

Proof. Let $ = [0g, a*] be an ideal and F = [a, 1] be a filter in P.

It suffices to put
) = 0 ifxed
WA ifxed

for any x € P. Then s is a two-valued state on . =
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